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Linear Theory of a Dual-Spin Projectile in Atmospheric Flight

Mark Costello* and Allen Peterson’
Oregon State University, Corvallis, Oregon 97331

The equations of motion for a dual spin projectile in atmospheric flight are developed and subsequently utilized
to examine stability characteristics. The analyzed configuration couples forward and aft body rolling motion with
a combination hydrodynamic and roller bearing. By the use of a modified projectile linear theory specialized to
this configuration, it is shown that the dynamic stability factor S and the gyroscopic stability factor S¢ are altered
compared to a similar rigid projectile. By the definition of an inertia weighted roll rate, the gyroscopic stability
factor takes on the same form as the rigid projectile case. Likewise, by the definition of a Magnus moment weighted
roll rate, the dynamic stability factor takes on the same form as the rigid projectile case. For dual-spin projectile
configurations with a roller bearing connection, the axial force on each projectile section is required to determine the
roll dynamics of both components. This implies that new range reduction algorithms must be developed to estimate
the axial force on each projectile section. In contrast, a hydrodynamicbearing does not possess this complication
because the roll reaction moment is a function of roll rate difference between the forward and aft bodies.

Nomenclature
a, = acceleration of the aft body mass center
with respect to the inertial frame
ar; = acceleration of the forward body mass center
with respect to the inertial frame
Clo Cop = roll moment aerodynamic coefficient due
to fin cant for the forward and aft bodies
Ccl, Cl = roll damping moment aerodynamic coefficient
for the forward and aft bodies
Ciio> Cito = pitch rate damping moment acrodynamic
coefficient for the forward and aft bodies
Clus Cia = normal force aerodynamic coefficient
for the forward and aft bodies
Clipas Cipy = Magnus force aerodynamic coefficient
for the forward and aft bodies
Clirs Cin = yaw rate damping moment aerodynamic
coefficient for the forward and aft bodies
Clor Cio = zero yaw axial force aerodynamic coefficient
for the forward and aft bodies
cl,, Ca, = yaw angle squared axial force acrodynamic
coefficient for the forward and aft bodies
Clars Coal = normal force aerodynamic coefficient along
) Jn axis for the forward and aft bodies
Cl. Cos = trim side force aerodynamic coefficient for the

forward and aft bodies

Clo Cos = normal force aerodynamic coefficient along k,,
axis for the forward and aft bodies

Cly. Cso = trim vertical force aerodynamic coefficient for
the forward and aft bodies

Cgrgp = friction coefficient for roller bearing

Cy = viscous damping coefficient for hydrodynamic
bearing

D = projectile characteristiclength

F, = total externally applied force on the aft body

Fr = total externally applied force on the forward
body

1 = effective inertia matrix

1, = mass moment of inertia matrix of the aft body

with respect to the aft body reference frame
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= mass moment of inertia matrix of the forward
body with respect to the forward body reference
frame

= aft body frame unit vectors

= forward body frame unit vectors

fixed plane unit vectors

= external moment components on the aft body
expressed in the fixed plane reference frame

= external moment components on the forward

body expressed in the fixed plane reference

frame

roll constraint moment

total projectile mass

aft body mass

= forward body mass

= roll axis component of the angular velocity
vector of the aft body expressed in the fixed
plane reference frame

= roll axis component of the angular velocity
vector of the forward body expressed in the
fixed plane reference frame

= components of the angular velocity vector of
both the forward and aft bodies expressed in
the fixed plane reference frame

= dynamic pressure at the projectile mass center

= fixed plane components of vector from aft body
mass center to aft body center of pressure

= fixed plane components of vector from aft body
mass center to aft body Magnus center of
pressure

= fixed plane components of vector from forward
body mass center to forward body Magnus
center of pressure

= fixed plane components of vector from forward
body mass center to forward body center of
pressure

= vector from composite center of mass to
central bearing

= fixed plane components of vector from
composite center of mass to aft body
mass center

= fixed plane components of vector from
composite center of mass to forward body
mass center

= transformation matrix from the fixed plane
reference frame to the aft body reference frame

= transformation matrix from the fixed plane
reference frame to the forward body
reference frame



790 COSTELLO AND PETERSON

= translation velocity components of the
composite center of mass resolved in the
fixed plane reference frame

Vv = magnitude of mass center velocity

X, Y, Z = total external force components on the composite
body expressed in the fixed plane reference frame

X, ¥,2 = position vector components of the composite
center of mass expressed in the inertial reference
frame

a = longitudinal aerodynamic angle of attack

B = lateral aerodynamic angle of attack

0, v = Euler pitch and yaw angles

Pa = distance vector from the aft body mass center to
the bearing coupling point

Pr = distance vector from the forward body
mass center to the bearing coupling point

da = Euler roll angle of the aft body

Or = Euler roll angle of the forward body

Introduction

OMPARED to conventional munitions, the design of smart
munitions involves more design requirements stemming from
the addition of sensors and control mechanisms. The addition of
these components necessitates the minimization of the weight and
space impact on the overall projectile design so that desired target
effects can still be achieved with the weapon. The inherent design
conflict between standard projectile design considerationsand new
requirements imposed by sensors and control mechanisms has led
designers to consider more complex geometric configurations. One
such configuration is the dual-spin projectile. This projectile con-
figuration comprises forward and aft components. The forward and
aft components are connected through a bearing, which allows the
forward and aft portions of the projectile to spin at different rates.
Figure 1 shows a schematic of this projectile configuration.
Dual-spin spacecraft dynamics have been extensively studied in
the literature. For example, Likins' studied the motion of a dual-
spin spacecraft and conditions for stability were established. Later,
Cloutier®> obtained an analytical criterion for infinitesimal stabil-
ity. Along these lines, Mingori® as well as Fang* considered en-
ergy dissipation. Hall and Rand® considered spinup dynamics, and
resonances occurring during despin were studied by Or.® In the
latter study, the linear equations governing the resonance dynam-
ics were found to depend on nondimensional parameters related
to dynamic unbalance, asymmetry, and the time duration for reso-
nance growth. Other work investigatingasymmetric mass properties
is due to Cochran et al.,” as well as Tsuchiya® and Yang.’ Vider-
man et al.'” developed a dynamic model of a dual-spin spacecraft
with a flexible platform. Stability was investigated using Floquet
theory. Stabb and Schlack'! investigated the pointing accuracy of
a dual-spin spacecraft using the Krylov-Bogoliubov-Mitropolsky
perturbation method.
For projectile flight in the atmosphere, aerodynamic forces and
moments play adominantrole in the dynamic characteristics. These
effects have obviouslynot been consideredin the previousdual-spin

&

Fig.1 Dual-spin projectile schematic.

spacecraft efforts. However, Smith et al.'> considered the dynam-

ics of a spin-stabilizedartillery projectile modified to accommodate
controllable canards mounted to the projectile by a bearing aligned
with the spin axis. This work focused on the use of actively con-
trolled canards to reduce miss distance. Both the forward and aft
bodies were mass balanced and a hydrodynamic bearing coupled
forward and aft body rolling motion.

The dual-spin projectile model developed here permits nonsym-
metric forward and aft body components and allows a combination
of hydrodynamic and roller bearing roll coupling between the for-
ward and aftbodies. By the applicationof the linear theory forarigid
projectile in atmospheric flight, a dual-spin projectile linear theory
is developed. Expressions for the gyroscopic and dynamic stability
factors are developed and compared to the rigid projectile case.

Dual-Spin Projectile Dynamic Model

The mathematical model describing the motion of the dual-spin
projectile allows for three translational and four rotational rigid-
body degrees of freedom. The translational degrees of freedom are
the three components of the mass center position vector. The ro-
tational degrees of freedom are the Euler yaw and pitch angles as
well as the forward body roll and aft body roll angles. The ground
surface is used as an inertial reference frame.!'*

Developmentof the kinematicand dynamicequationsof motionis
aided by the use of an intermediate reference frame. The sequence
of rotations from the inertial frame to the forward and aft bodies
consists of a set of body-fixed rotations that are ordered: yaw, pitch,
and forward/aft body roll. The fixed plane reference frame is defined
as the intermediate frame beforeroll rotation. The fixed plane frame
is convenient because both the forward and aft bodies share this
frame before roll rotation.

Equations (1-4) represent the translational and rotational kine-
matic and dynamic equations of motion for a dual-spin projectile.
Both sets of dynamic equations are expressed in the fixed plane
reference frame:

CoCy =Sy SoCy u
Vi =|cosy, Cy Sosy v (1)
Z —So 0 Co w
br 1 0 0 1 )43
) 010 ¢
¢.A _ 0 Pa )
0 0 0 1 0 q
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A derivation of Eq. (4) is provided in the Appendix.

Loads on the composite projectile body are due to weight and
aerodynamic forces acting on both the forward and aft bodies.
Equations (5) and (6) provide expressions for the forward body
weight and aerodynamic forces:

Xy

—$p
Yh ¢t =mpgy O (5)
zy Co

Xr Cly+ Cyp0? + C{,B?

Y: = —{4a Cfo + Cfm (6)

zZy Ch+ Cpya
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Fig.2 Dual-spin projectile geometry.

Linear Magnus forces acting on the forward body are formulated
separately in Eq. (7). These forces act at the Magnus force center of
pressure, which is different from the center of pressure of the steady
aerodynamic forces.

) 0
X prDCY L a
Yy { =da 2V 7
Z/Cl _pFDC/CpAﬁ
2V

The longitudinal and lateral aerodynamic angles of attack used in
Eqgs. (6) and (7) are computed using Egs. (8):

o =tan"'(w/u) B =tan"'(v/u) (8)

q, = ép(u2 +v2 + w?)zD? )]

Expressions for the aft body forces take on the same form. Aero-
dynamic coefficients in Egs. (6) and (7) depend on the local Mach
number at the projectile mass center.

The right-hand side of the rotational kinetic equations contains
the externally applied moments on both the forward and aft bodies.
These equations contain contributions from steady and unsteady
aerodynamics. The steady aerodynamic moments are computed for
each individual body with a cross product between the steady body
aerodynamic force vector and the distance vector from the center
of gravity to the center of pressure. Magnus moments on each body
are computed in a similar way, with a cross product between the
Magnus force vector and the distance vector from the center of
gravity to the Magnus center of pressure. Figure 2 shows the relative
locations of the forward, aft, and composite body centers of gravity
and the forward and aft body centers of pressure. The unsteady
body aerodynamicmoments provide adamping source for projectile
angular motion and are given for the forward body by Eq. (10):

. P-DCF
, Chy+
LZA 2V
) F
Mt =¢p]  4PCu (10)
. 2V
N i
rDCE,
2V

Air density is computed using the standard atmosphere.*

Dual-Spin Projectile Linear Theory

The preceding equations of motion are highly nonlinear and not
amenable to a closed-formanalytic solution. Linear theory for sym-
metric rigid projectilesintroducesa sequence of assumptions, which
yield atractableset of linear differentialequations of motion that can
be solved in closed form. These equations form the basis of classic
projectile stability theory. The same set of assumptions can be used
to establish a linear theory for dual spin projectiles in atmospheric
flight:

1) The variables are changed from a fixed plane, station line ve-
locity u, to total velocity V. Equations (11) and (12) relate V and u

and their derivatives:
V=+vu?+vZ+w? €8))

V = (ui +vv + ww)/V (12)

2) The variables are changed from time ¢ to dimensionless ar-
clength s. The dimensionless arc length, as defined by Murphy'? is
given in Eq. (13) and has units of calibers of travel:

1 t
s:—-/V-dr (13)
D 0

Equations (14) and (15) relate time and arc length derivatives of a
dummy variable§. Dotted terms refer to time derivativesand primed
terms denote arc length derivatives:

{=(VID)Y¢ (14)
C=VIDXE" +¢V'IV) (15)
3) Euler yaw and pitch angles are small so that

sin(0) = 6 cos(0) = 1

sin(y) = v cos(y) = 1

4) Aerodynamic angles of attack are small so that

ax wlV B=v/V (16)

5) The projectileis mass balanced, such that the centers of gravity
of both the forward and the aft bodies lie on the rotational axis of
symmetry:

I)?y = I)fy = I)?z = I;z = I)f‘z = I)fz =0
IZAZ = I)f‘y

F _ gF
IZZ_IYY

6) The projectile is aerodynamically symmetric such that

F _ (~F A _ A
CMQ = Cy CMQ = Cix
F A F A F _ p~F _ ~F
Cro=Cyo=Cp=Cz =0 Cyg = Cpp =Cyy
A A A _ F A
Cyg = Cpp = Cjy Cm =Cy +Cfy

CMQZC/CIQ-FC/@Q CXOZC)I;O‘FCQO

7) A flat fire trajectory assumption is invoked, and the force of
gravity is neglected.

8) The quantities V, ¢, and ¢, are large comparedto 6, v, g, r,
v, and w, such that products of small quantities and their derivatives
are negligible.

Application of the preceding assumptionsresultsin Egs. (17-30):

x'=D (17)

y =(D/V)yw + yD (18)

7 =(D/V)w — 6D (19)
¢y = (DI V)pr (20)

¢, = (D/V)pa @n

¢ =(D/V)q (22)

v' =(D/V)r (23)

V' = —[pSD/2m](Cxo)V (24)

v' = =[pSD/2mI{(Cya)v = (DI V)[(Chpi /2) Pr

+(Chpu/2)Pa]w} = Dr (25)
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(30)

Equations (17-30) are linear, except for the total velocity V,
which is retained in several of the equations. Under the assump-
tion that V changes very slowly with respect to the other variables,
itis considered to be constant when it appears as a coefficient. With
this assumption, the total velocity, the angle of attack dynamics, and
the roll dynamics all become uncoupled, linear-time invariantequa-
tions of motion. The Magnus force in Egs. (25) and (26) is typically
regarded as small in comparison to the other aerodynamic forces
and is shown only for completeness. In further manipulation of the
equations,all Magnus forces will be dropped. Magnus moments will
be retained, however, due to the magnitude amplification resulting

from the cross product between Magnus force and its respective
moment arm.

Epicyclic Modes of Oscillation

Equations (17-23) state that the fixed plane is mapped directly
onto the inertial reference frame for the given assumptions. Equa-
tions (27) and (28) show that a roller bearing model'®!” requires
knowledge of the zero-yaw drag on the forward and aft body sep-
arately. Also notice that the Magnus moments appear separately in
Egs. (29) and (30). The equations for total velocity and the fore and
aft spin rates have become completely decoupled from the angle-of-
attack dynamics. It is a useful result to begin by studying Eq. (24),
whichrepresentsthe total velocity V of the projectile. Equation (24)
is separable,and it is elementary to obtain the solutionas downrange
exponential decay:

V(s) = Voexp{=[(pSD/2m)Cxls} (3D

After we extract the decoupled equations for total velocity and
fore and aft spin rates, there are only four equations remaining to
examine. These equationsdescribe fixed planeexpressionsfor trans-
lational and rotational velocities v, w, ¢, and r. The angle-of-attack
dynamics are driven directly by these four equations because the
aerodynamic angles of attack depend on v and w by definition. By
the use of Eq. (31) and the definition for small angles of attack given
in Eq. (16), the following two relations can be written:

a(s) =w(s)/ V(s) = [w(s)/ Volexp{[(pSD/2m)Cxols}  (32)
B(s) =v($)/ V(s) = [v(s)/ Volexp{[(pSD/2m)Cxols}  (33)

The translational and rotation velocities are described in a compact
form as shown in Eq. (34),

v/ —A 0 0 -D v
w' 0 -A D 0 w
= (34)
q B/D C/D E -F q
r -C/ID B/D F E r
where
A = [pSD/2m](Cny) (35)
pSD (| mD |{ D Clio
B = a— e <, R fx + X 2
S m e
Cipa
+ (Rmux + rzLx) 2 pA (36)
C = [psD/2m)[mD /11, ]Cn (37
E = [pSD/2m][mD* [ 1], ]Cyo /2 (38)
F=DIV)(Liypr + Lypa) [Ty (39)
Cua = [(Ry + rp)Cly + (Roy + 10)Cy ] (40)
IYTY = IYFY + mfrfi + I;‘y + m,,rjx 41

Eigenvalues of Eq. (34) provide the fast and slow epicyclic modes
of oscillation for v, w, ¢, and r. The four roots of the characteristic
equation are displayed hereafter:

: (E—A)+iFi\/(E—A)Z—F2+4(AE+C)+2iF<E—A+M>:| Ap +iQp
F A + i
= . (42)
Ap —iDp
, , 2(AF + B) .
-|:(E—A)—1Fi\/(E—A)2—F2+4(AE+C)—21F<E—A+T>:| As —iDg
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Linear combinations of the preceding equationslead to Eq. (43):

(E — A) Ar + As
iF i(Dp + @
_ | i@er oy .
—AE-C Aphs — DD
—i(AF + B) i(Ap®g + AgD )

In line with the rigid-body, six-degree-of-freedomprojectile sta-
bility analysis, two additional simplifications based on size are intro-
duced. First, neglectthe product of the damping factors compared to
the product of the damped natural frequencies. Second, neglect the
product of A and E because multiples of the relative density factor
are small compared with the magnitudes of other terms. A solution
may now be obtained for both the fast and the slow damping factors
and turning rates for the translational and rotational velocities:

z,,:w{u F [l_@””m“ )

2 JFT=4C F(A-E)
@, = %[F +JF = 40] 45)

_—A-Bf _F _ (QAF +2B)
e (R (B el | I

Dy = %[F _ m] @7

Before we draw conclusionsaboutthe stability of the angle-of-attack
dynamics, the damping factors and the damped natural frequencies
have to be calculated for o and S rather than v and w. These new
damping factors will account for v, w, and V all decaying down-
range. Whether o and f are stable depends on which quantities
decay fastest.

Two new damping factors are introduced based on Egs. (32) and
(33):

o LA 2psDi2mCy —EV (0 F
e 2 JFZ—4C
2AF + 2(pSD/2m)CxoF + 2B
A (PSD/2m)Cxq ] )
FIA = 2(pSD/2m)Cxo — E]
o ZlA—20p8D/2m)Cxo — E1 (| F
S 2 JFT=4c
2AF + 2(pSD/2m)CxoF + 2B
% 1_[ (pSD/2m)Cyx ] (49)
FIA — 2(pSD/2m)Cxo — E]

The fast and slow turning rates represent the imaginary parts of the
complex eigenvalues. These will remain unchanged for a and 8
because division by V () in Egs. (32) and (33) only effects the real
parts of the eigenvalues. If either ¢ or ¢ is complex, there will be
a positive real part in one of the four eigenvalues. To avoid complex
turning rates, the term under the radical in Eqgs. (45) and (47) must
be greater than zero, which introduces the idea of the gyroscopic
stability factor Sg:

Sg = (F*4-C) > 1 (50)

Furthermore, the dynamic stability factor is defined by Eq. (50):

_ [2AF +2(pSD/2m)CxoF + 2B]

P " F[A —2(pSD/2m)Cyq — E| S

The fast mode damping factor A} must be negative for stable flight.
To ensure stability, the following two conditions must be satisfied:

[A = 2(pSD/2m)Cxo — E] > 0 (52)
1/86 < Sp(2 = Sp) (53)

The resultsshownin Egs. (50-53) are very similar to conventional
rigid-body projectile analysis. Hence, dual-spin projectile stability

analysis can be approached in essentially the same manner that
rigid projectiles are analyzed. Differences in stability characteris-
tics arise from the coefficients F and B. The coefficient F contains
terms with forward and aft body roll rate and roll inertia appear-
ing separately. Magnus moments also appear separated in the co-
efficient B, due to their dependence on the forward and aft roll
rates.

Dual-Spin Projectile Stability

The gyroscopicand dynamic stability factors can be reexpressed
as shown in Egs. (54) and (55):

2
ILp
S¢ = ( = ) (54)
205M

2(Cya — Cxo) + GT p*

? 7 (Can = 2Cx0) = [mD? [ 13, ](Curo)1 2 (55
where
~_ (Prt YpsPa)
vos = I ] Ly (57)
L = (L + I) = Lix(1+ yo5) (58)
M = pSV>Cya (59)
o _ PrF BosPa) (60)

(1 + pps)

(Rmux + rux)C/CpA (6])

Hps = ~
(Rmyg + 15)Cps

G" = (mD/IL)(DI V)[(Rmy, + rg)Ciipy ](1 + pips)  (62)

The inertia weighted average spin rate for the composite body
p is biased to the spin rate of the body with the largest roll in-
ertia component. The Magnus weighted average spin rate p* be-
haves in precisely the same manner as p; however, it is biased
toward the body with the largest Magnus moment. A plot of p
vs roll inertia ratio ypg and p* vs Magnus ratio tpg is shown in
Fig. 3. When yps =0, p is equal to pr, whereas as yps— 0, p
approaches p,. Similar relations hold between ppg and p*. Gyro-
scopic stability factor vs inertia weighted average spin rate is plot-
ted in Fig. 4 for various values of composite inertia and external
moments.

Yps» Hps

Fig.3 Inertia weighted average spin rate vs roll inertia ratio.
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Fig. 4 Gyroscopic stability factor S vs inertia weighted average spin
rate.

It is interesting to expand Eq. (55) and examine the results. The
dynamic stability factor can be broken into two parts. The first part,
shown in Eq. (64), represents a stability factor offset that is inde-
pendent of whether the system is a rigid or dual-spin projectile.
Equation (65) shows the second part, which does vary with respect
to the rigid-projectile case depending on the Magnus moment co-
efficients and spin rates. This portion of the total stability factor
is directly proportional to the total Magnus moment acting about
the composite center of mass and can be considered as a dynamic
stability enhancement factor:

Sp=H+ Apg (63)
where
o ( 2(Cya — Cxo) ) 64
(Cya = 2Cxg) — [mD2 [ I7,](Cuo)/2
&n=< e ) (65)
(Cna = 2Cxg) = [mD2 [ 11, ](Cug)/2

It is also informative to compare the dual-spin projectile stability
factors to the conventionalrigid-projectileresults. To do this, define
p and Ap as the average spin rate and the spin rate difference,
respectively. Thus,

pr=p+tAp pa=p—Ap
The spin rate of an equivalent rigid projectile is p. The ratio of
the dual-spin gyroscopic stability factor to the rigid-projectile gy-
roscopic stability factor is shown as Eq. (66). Equation (67) shows
the ratio of dynamic stability enhancementfactors between the dual-
spin case and the rigid-projectilecase. These two relations are again
of very similar form:

Seps/So = (1+ [(1 = 10s)/(1 + yps))(Ap/ p))  (66)
Aps/ A = (1 + [(1 = ups)/ (1 + ups)I(Ap/ p)) (67)

Figures 5 and 6 represent Eq. (66) as a function of the roll inertia
ratio and the differential spin ratio. When the gyroscopic stability
factor ratio is greater than one, dual-spin gyroscopic stability is
enhanced compared to the rigid projectile with a roll rate of p. It
can be shown that the differential spin ratio is positive when the
forward body is spinning faster than the aft and negative when the
reverse is true. The curves can also be grouped by the roll inertia
ratio. When ypg is less than one, the forward body has more roll
inertia. The aft inertia is larger when yps is greater than one. Based
on the values of the differential spin ratio and roll inertia ratio,
Figs. 5 and 6 can viewed in separate quadrants. When both ratios
favor one of the bodies, gyroscopic stability is enhanced. When

Fig.7 Delta ratio vs Magnus ratio.

the ratios favor opposite bodies, the stability factor is diminished.
Note that the gyroscopic stability ratio can never become negative
because the values compared are squared. Also note thatin physical
systems, the differential spin ratio must be zero when ypg goes to
zero or infinity.

Figures7 and 8 representEq. (66) as afunctionof the Magnusratio
and the differential spin ratio. When the magnitude of the dynamic
enhancementratiois greaterthan one, both the total Magnus moment
and the dynamic stability enhancement factor are larger than the
rigid-projectilecase. This canresultfrom several physicalsituations,
which are represented by again considering the graphs in sections.
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Hps =1

A Ratio

Fig.8 Delta ratio vs differential spin ratio.

When the Magnus ratio is between negative and positive one, the
Magnus moment coefficient is larger for the forward body than for
the aft. When the Magnus ratio is outside of these boundaries, the
aft body has a larger Magnus coefficient. Negative Magnus ratios
indicate that the aft Magnus center of pressure is rearward of the
composite body mass center. Positive values of the differential spin
ratio again indicate that the forward body is spinning faster than the
aft. With this in mind, Figs. 7 and 8 can be viewed where both ratios
favor one body, or where they favor opposite bodies. For the first
case, the total Magnus moment applied to the dual-spin projectile is
larger than that of the rigid case. The opposite is true for the when
the ratios favor opposite bodies.

Some special values of Magnus ratio must also be considered.
A Magnus ratio equal to one indicates the Magnus coefficients are
equivalentor physically that the centers of pressure and force coef-
ficients are equivalent. In this situation, the dual-spin case will have
the same Magnus moment as the rigid case because p* and p do
not differ. When Magnus ratio is equal to negative one, the Magnus
coefficients are equal and opposite. For the rigid case where the
bodies spin together, the Magnus moment will go to zero and drive
the enhancementratio to infinity.

Dual-spin projectile stability results must match the standard
rigid-projectilestability results in two situations. Either of the bod-
ies may be neglected by setting their mass and inertia properties and
force coefficients to zero. In this case, the inertia properties of the
total body reduce to those of the remaining body and the roll inertia
ratio becomes either 0 or o0 depending on which body remains. By
the use of the same logic, p becomes either pr or p,. Also, the
moments considered, including Magnus, are only those applied to
the remaining body. With these assumptions, the rigid body stability
results are obtained.

The second case to consider is when the forward and aft bodies
spin together. For this case, both the inertia weighted average spin
rate and the Magnus weighted average spin rate are equal to both the
front and rear spin rates because the projectile bodies are spinning
together. This result is true regardless of the roll inertia ratio. The
inertia properties are for the total body, as are the applied moments.
Again, the rigid-body stability results are obtained.

Conclusions

The equations of motion for a dual-spin projectilein atmospheric
flight have been developed. The model allows for unbalanced for-
ward and aft components. The bearing that connects the forward
and aft components is a combination hydrodynamic and roller
bearing.

After appropriate simplifications are made to the initial nonlinear
equations, it is shown that the roller bearing requires knowledge
of the axial force on each projectile body in the determination of
the roll dynamics. This will require range reduction algorithms to
be modified to estimate the axial force on both components from
roll angle and roll data. The hydrodynamic bearing does not have

this complication because the reaction moment on a hydrodynamic
bearing is a function of the roll rate difference only.

It is possible to analyze the stability of a dual-spin projectile us-
ing a methodology similar to rigid-body projectile stability analysis.
However, the gyroscopic stability factor S; must be modified com-
pared to the stability factor for a rigid projectile. It depends on the
spin rates of both bodies as well as their individual roll inertias.
By defining the inertia weighted average spin rate for a dual-spin
projectile, the same form of the gyroscopic stability factor for a
rigid projectile is obtained. When either the fore or aft body is re-
moved, or both bodies spin together, the stability results reduce to
the standard rigid-projectile stability results. The dynamic stability
factor S is also different from conventionalrigid-projectileresults.
It depends on a Magnus weighted average spin rate. The dynamic
stability enhancement ratio depends on the differential spin ratio
and the Magnus moment coefficient ratio.

Appendix: Rotation Dynamic Equations

The rotation kinetic differential equationsare derived by splitting
the two-body system at the bearing connection point. A constraint
force F¢ and a constraint moment M couple the forward and aft
bodies. The translational dynamic equations for both bodies are
given by Eqgs. (A1) and (A2):

maay; =Fy + Fc (AD)
mrap;; =Fp—F¢ (A2)

Key to the developmentof the rotation kinetic differentialequations
is the ability to solve for the constraint forces and moments as a
function of state variables and time derivativesof state variables. An
expression for the constraint force can be obtained by subtracting
Eq. (A2) from Eq. (A1):

(mimpmy)Fc =Fp/mp —Fy/my +ay; —ag; (A3)

With the constraint force known, the rotational dynamic equations
for the forward and aft bodies can be developed. The constraintforce
contributesto the applied moments from a cross productbetween the
constraint force vector and the position vectors from the individual
centers of gravity to the bearing. An additional constraint moment
couples the forward and aft bodies due to viscous or rolling friction
in the bearing:

%HA/, =M, +My +p, XF¢ (Ad)
d
G Hr =Mr =My +p; XFe (AS)
where
Py =rs—F (A6)
pPr=rrp—T (A7)

The acceleration of the mass center of the forward and aft bodies,
ap/; and a,, g, can be expressed in terms of the acceleration of the
composite body mass center. After we make this substitution, the
constraint force components in the fixed plane reference frame can
be expressed in the following manner:

Fex Dr Da
FCY =[FF] q +[FA] q +{F0} (A8)
Fe, 7 7

The constraint moment components in the fixed plane reference
frame acting on the forward body about the forward body mass
center and resulting from the constraint force cross product can be
written in the following manner:

Mpcpy Dr Da
Mpcpy ¢ =[Mpply ¢ ¢ + My ¢ ¢ +{Mpy} (A9)
Mic,, r' r'
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In a similar way, the componentsin the fixed plane reference frame
of the moment of the constraint force acting on the aft body about
the aft body mass center can be written as shown in Eq. (A10):

Mpc,y DF Da
Mrc,y ¢ =[Mar]y § ¢ +[Masly ¢ ¢ +{Mas} (A10)
MFCAZ I 7

The rotation kinetic differential equations are both expressed
in the fixed-plane reference frame. The equations are left general
and allow for a fully populated inertia matrix and mass unbalance.
Equations (A8-A10) are substitutedinto both sets of rotation kinetic
equations for the forward and aft bodies. At this point, both sets of
equationsstill have unknown constraintmoments at the bearing con-
nection point. To eliminate the bearing constraint moments in the
fixed plane j, and k, directions, the j, and k, components of the
rotation kinetic equations for the forward and aft bodies are added
together to form two dynamic equations that are free of constraint
moments. In this way, the constraint moments at the bearing have
been eliminated analytically from the pitching and yaw dynamics.

To finish expressing the roll dynamic equations, however, an ex-
pression for the unknown constraint moment must be formed. The
moment transmitted across the bearing is modeled as a combina-
tion hydrodynamic and roller bearing. The contribution from the
hydrodynamic bearing can be modeled as viscous damping,'® and
the constitutive relation governing the constraint moment is given
by Eq. (A11):

M\7=CV(PF—PA) (A1D)

The frictional moment at a roller bearing is proportional to the nor-
mal force acting on the bearing. Normal force at the bearing of
a split-bodied projectile is directly related the axial aerodynamic
coefficients of the forward and aft bodies. The contribution to the
constraintmoment from a roller bearing'” is given by Eq. (A12). To
remove the effects of either bearing from the model, set the respec-
tive coefficient to zero:

M\]f = Crpl| Fexl sign(pr = pa) (A12)

Once the final constraint moment is known, the fixed plane i,
components of Eqs. (A4) and (A5) are the forward and aft body roll
dynamic equations. These two individual equations, in conjunction
with the fixed plane j, and k, equations, which result from a sum
of Egs. (A4) and (A5), can be assembled to represent the entire set
of rotational dynamics. Equation (4) is restated to demonstrate this
point:

Ly Ly Ly L Dr gr1 — My
Ly Ly, Li by Da ga + My
Ly Ly, Ly Iy ] M, - S
Ly Ly Lz I, 7 M; - S;

The effective inertia matrix is a 4 X 4 matrix that is a combination
of the inertia matrices of both the forward and aft bodies. As an aid
in developing a formula for the effective inertia matrix, define the
following intermediate matrices:

Ir=1I, -1, (A13)

I, =TI I,T, (A14)

Iy = m SgaSka (A15)

=1 —Ir (A16)

Ip =TI 1Ty (A17)

Ty = mpSprSer (A18)

where
1 0 0
Tr=|0 ¢y, Syp (A19)

1 0 0
TA =1{0 Coha Soa (AZO)
0 =54, Sy,
0 —rg 1y
SR[: = I's 0 —Tp (A21)
—rf) rfx 0
0 —Faz Tay
SRA = Taz 0 ~Tax (AZZ)
-7 r 0

ay ax

By the use of Egs. (A13), (A16), (A11), and (A12), elements of the
effective inertia matrix can now be formed:

I, = I;u + Mpp, (A23)

Iy = Mp,, (A24)
Ly=1Ip, + Mpp, + My, (A25)
Iy = I,:fl‘3 + Mpp, , + Mgy, , (A26)
L, =M, (A27)

Lo =15, — M, (A28)

Ly =13, — M, — Myp,, (A29)
12.4 = I:m - MAAm - MAFm (A30)
Ly=1;, (A31)

L, =1} (A32)
Ly=1I;, + 1}, (A33)
Ly=1I; +1I; (A34)
La=1}, (A35)
Lay=1Iy (A36)
Ly=1I;,+1;, (A37)
La=1I; +1I; (A38)

Two scalar elements of the right-hand-side vector of Eq. (4) are
given by Egs. (A39) and (A40):

gn=[1 0 0l[Mp—S;— Mg (A39)
ga=[1 0 0l[M,—S; - My] (A40)

The vectors S% and S} in Egs. (A39) and (A40) are given by
Egs. (A41) and (A44):

pll
Sy =TI 1T, + TS, 1, T,] 4 4 (A42)
r
pll
Sa = [IaT Ty + mySeaSaSea] | 4 (Ad3)
r
Py
Sp =TI 1T + TESp 1T § g (A45)
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Py
Sp=[IrTITe + mpSerSeSer] § @ (A46)
r
where
i 0 Sord = Copl Copq + Sy, |
Sp = | Cort = 84,9 0 —Pr
| =Cord = S4p7 Dr 0 |
i 0 Spad — Co,T C¢Aq+S¢Ar_
Sa=| Coal —S4,q 0 —Pa
L=Coad — Soal Pa 0 -
0 0 0 ]
Tr= |0 —(pr+tor)sy, (Pr+tor)cy,
0 —(pr+ter)cy, —(prp+tor)sy, |
0 0 0 ]
Ta= |0 —(pa+tor)ss, (pa+tor)cy,
0 —(pa ttor)cy, —(pa+tor)cy, |

Other unknown terms on the right-hand side of Eq. (4) include
components of the vectors M and S*. These vectors are described
here:

St
S*=8r+Si=1$; (A47)
S5
M,
M=My+M,=1M, (A48)
M;
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