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Linear Theory of a Dual-Spin Projectile in Atmospheric Flight

Mark Costello¤ and Allen Peterson†

Oregon State University, Corvallis, Oregon 97331

The equations of motion for a dual spin projectile in atmospheric � ight are developed and subsequently utilized
to examine stability characteristics. The analyzed con� guration couples forward and aft body rolling motion with
a combination hydrodynamic and roller bearing. By the use of a modi� ed projectile linear theory specialized to
this con� guration, it is shown that the dynamicstability factor SD and the gyroscopic stability factor SG are altered
compared to a similar rigid projectile. By the de� nition of an inertia weighted roll rate, the gyroscopic stability
factor takes on the same form as the rigid projectile case. Likewise, by the de� nitionof a Magnusmomentweighted
roll rate, the dynamic stability factor takes on the same form as the rigid projectile case. For dual-spin projectile
con� gurationswith a roller bearing connection, the axial force oneach projectile section is required to determine the
roll dynamicsof both components. This implies that new range reduction algorithmsmust be developed to estimate
the axial force on each projectile section. In contrast, a hydrodynamic bearing does not possess this complication
because the roll reaction moment is a function of roll rate difference between the forward and aft bodies.

Nomenclature
aA / I = acceleration of the aft body mass center

with respect to the inertial frame
aF / I = acceleration of the forward body mass center

with respect to the inertial frame
C F

DD, C A
DD = roll moment aerodynamic coef� cient due

to � n cant for the forward and aft bodies
C F

LP, C A
LP = roll damping moment aerodynamic coef� cient

for the forward and aft bodies
C F

MQ, C A
MQ = pitch rate damping moment aerodynamic

coef� cient for the forward and aft bodies
C F

NA, C A
NA = normal force aerodynamic coef� cient

for the forward and aft bodies
C F

NPA, C A
NPA = Magnus force aerodynamic coef� cient

for the forward and aft bodies
C F

NR, C A
NR = yaw rate damping moment aerodynamic

coef� cient for the forward and aft bodies
C F

X0, C A
X0 = zero yaw axial force aerodynamic coef� cient

for the forward and aft bodies
C F

X2, C A
X2 = yaw angle squared axial force aerodynamic

coef� cient for the forward and aft bodies
C F

YB1 , C A
YB1 = normal force aerodynamic coef� cient along

jn axis for the forward and aft bodies
C F

Y 0 , C A
Y 0 = trim side force aerodynamic coef� cient for the

forward and aft bodies
C F

ZB1 , C A
ZB1 = normal force aerodynamic coef� cient along kn

axis for the forward and aft bodies
C F

Z0 , C A
Z 0 = trim vertical force aerodynamic coef� cient for

the forward and aft bodies
CRB = friction coef� cient for roller bearing
CV = viscous damping coef� cient for hydrodynamic

bearing
D = projectile characteristic length
FA = total externally applied force on the aft body
FF = total externally applied force on the forward

body
I = effective inertia matrix
IA = mass moment of inertia matrix of the aft body

with respect to the aft body reference frame
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IF = mass moment of inertia matrix of the forward
body with respect to the forward body reference
frame

iA , jA , kA = aft body frame unit vectors
iF , jF , kF = forward body frame unit vectors
iN , jN , kN = � xed plane unit vectors
L A , MA , NA = external moment components on the aft body

expressed in the � xed plane reference frame
L F , MF , NF = external moment components on the forward

body expressed in the � xed plane reference
frame

MV = roll constraint moment
m = total projectile mass
m A = aft body mass
m F = forward body mass
pA = roll axis component of the angular velocity

vector of the aft body expressed in the � xed
plane reference frame

pF = roll axis component of the angular velocity
vector of the forward body expressed in the
� xed plane reference frame

q, r = components of the angular velocity vector of
both the forward and aft bodies expressed in
the � xed plane reference frame

qa = dynamic pressure at the projectile mass center
Rax, Ray, Raz = � xed plane components of vector from aft body

mass center to aft body center of pressure
Rmax , Rmay, = � xed plane components of vector from aft body
Rmaz mass center to aft body Magnus center of

pressure
Rm fx, Rm fy , = � xed plane components of vector from forward
Rm fz body mass center to forward body Magnus

center of pressure
Rfx, Rfy, Rfz = � xed plane components of vector from forward

body mass center to forward body center of
pressure

r̄ = vector from composite center of mass to
central bearing

rax, ray, raz = � xed plane components of vector from
composite center of mass to aft body
mass center

rfx, rfy, rfz = � xed plane components of vector from
composite center of mass to forward body
mass center

TA = transformationmatrix from the � xed plane
reference frame to the aft body reference frame

TF = transformationmatrix from the � xed plane
reference frame to the forward body
reference frame
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u, v, w = translation velocity components of the
composite center of mass resolved in the
� xed plane reference frame

V = magnitude of mass center velocity
X, Y, Z = total external force components on the composite

body expressed in the � xed plane reference frame
x , y, z = position vector components of the composite

center of mass expressed in the inertial reference
frame

a = longitudinal aerodynamic angle of attack
b = lateral aerodynamic angle of attack
h , w = Euler pitch and yaw angles
½A = distance vector from the aft body mass center to

the bearing coupling point
½F = distance vector from the forward body

mass center to the bearing coupling point
u A = Euler roll angle of the aft body
u F = Euler roll angle of the forward body

Introduction

C OMPARED to conventional munitions, the design of smart
munitions involves more design requirements stemming from

the addition of sensors and control mechanisms. The addition of
these components necessitates the minimization of the weight and
space impact on the overall projectile design so that desired target
effects can still be achieved with the weapon. The inherent design
con� ict between standard projectile design considerationsand new
requirements imposed by sensors and control mechanisms has led
designers to consider more complex geometric con� gurations.One
such con� guration is the dual-spin projectile. This projectile con-
� guration comprises forward and aft components.The forward and
aft components are connected through a bearing, which allows the
forward and aft portions of the projectile to spin at different rates.
Figure 1 shows a schematic of this projectile con� guration.

Dual-spin spacecraft dynamics have been extensively studied in
the literature. For example, Likins1 studied the motion of a dual-
spin spacecraft and conditions for stability were established. Later,
Cloutier2 obtained an analytical criterion for in� nitesimal stabil-
ity. Along these lines, Mingori3 as well as Fang4 considered en-
ergy dissipation. Hall and Rand5 considered spinup dynamics, and
resonances occurring during despin were studied by Or.6 In the
latter study, the linear equations governing the resonance dynam-
ics were found to depend on nondimensional parameters related
to dynamic unbalance, asymmetry, and the time duration for reso-
nancegrowth.Other work investigatingasymmetricmass properties
is due to Cochran et al.,7 as well as Tsuchiya8 and Yang.9 Vider-
man et al.10 developed a dynamic model of a dual-spin spacecraft
with a � exible platform. Stability was investigated using Floquet
theory. Stabb and Schlack11 investigated the pointing accuracy of
a dual-spin spacecraft using the Krylov–Bogoliubov–Mitropolsky
perturbationmethod.

For projectile � ight in the atmosphere, aerodynamic forces and
moments play a dominant role in the dynamiccharacteristics.These
effects haveobviouslynot been consideredin the previousdual-spin

Fig. 1 Dual-spin projectile schematic.

spacecraft efforts. However, Smith et al.12 considered the dynam-
ics of a spin-stabilizedartilleryprojectilemodi� ed to accommodate
controllable canards mounted to the projectile by a bearing aligned
with the spin axis. This work focused on the use of actively con-
trolled canards to reduce miss distance. Both the forward and aft
bodies were mass balanced and a hydrodynamic bearing coupled
forward and aft body rolling motion.

The dual-spin projectile model developed here permits nonsym-
metric forward and aft body components and allows a combination
of hydrodynamic and roller bearing roll coupling between the for-
ward andaft bodies.By theapplicationof the linear theory for a rigid
projectile in atmospheric � ight, a dual-spin projectile linear theory
is developed. Expressions for the gyroscopic and dynamic stability
factors are developed and compared to the rigid projectile case.

Dual-Spin Projectile Dynamic Model
The mathematical model describing the motion of the dual-spin

projectile allows for three translational and four rotational rigid-
body degrees of freedom. The translational degrees of freedom are
the three components of the mass center position vector. The ro-
tational degrees of freedom are the Euler yaw and pitch angles as
well as the forward body roll and aft body roll angles. The ground
surface is used as an inertial reference frame.13

Developmentof thekinematicanddynamicequationsofmotion is
aided by the use of an intermediate reference frame. The sequence
of rotations from the inertial frame to the forward and aft bodies
consists of a set of body-� xed rotations that are ordered:yaw, pitch,
and forward/aft body roll. The � xed plane referenceframe is de� ned
as the intermediateframe before roll rotation.The � xed plane frame
is convenient because both the forward and aft bodies share this
frame before roll rotation.

Equations (1–4) represent the translational and rotational kine-
matic and dynamic equations of motion for a dual-spin projectile.
Both sets of dynamic equations are expressed in the � xed plane
reference frame:

Çx

Çy

Çz
=

ch cw ¡ sw s h c w

ch sw c w s h s w

¡ s h 0 ch

u

v

w

(1)

Çu F

Çu A

Çh
Çw

=

1 0 0 t h

0 1 0 t h

0 0 1 0

0 0 0 1/c h

pF

pA

q

r

(2)

Çu

Çv

Çw
=

X / m

Y / m

Z / m

¡
0 ¡ r q

r 0 rt h

¡ q ¡ rt h 0

u

v

w

(3)

ÇpF

ÇpA

Çq

Çr

= [I ] ¡ 1

gF1 ¡ MV

gA1 + MV

M2 ¡ S ¤
2

M3 ¡ S ¤
3

(4)

A derivation of Eq. (4) is provided in the Appendix.
Loads on the composite projectile body are due to weight and

aerodynamic forces acting on both the forward and aft bodies.
Equations (5) and (6) provide expressions for the forward body
weight and aerodynamic forces:

X F
W

Y F
W

Z F
W

= m F g

¡ s h

0

c h

(5)

X F
A

Y F
A

Z F
A

= ¡ q̃a

C F
X0 + C F

X2 a 2 + C F
X2 b 2

C F
Y 0 + C F

YB1 b

C F
Z0 + C F

ZA1 a

(6)
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Fig. 2 Dual-spin projectile geometry.

Linear Magnus forces acting on the forward body are formulated
separately in Eq. (7). These forces act at the Magnus force center of
pressure,which is different from the center of pressureof the steady
aerodynamic forces.

X F
M

Y F
M

Z F
M

= q̃a

0

pF DC F
NPA a

2V

¡
pF DC F

NPA b

2V

(7)

The longitudinal and lateral aerodynamic angles of attack used in
Eqs. (6) and (7) are computed using Eqs. (8):

a = tan ¡ 1(w / u) b = tan ¡ 1(v / u) (8)

q̃a = 1
8
q (u2 + v2 + w 2 )p D2 (9)

Expressions for the aft body forces take on the same form. Aero-
dynamic coef� cients in Eqs. (6) and (7) depend on the local Mach
number at the projectile mass center.

The right-hand side of the rotational kinetic equations contains
the externally applied moments on both the forward and aft bodies.
These equations contain contributions from steady and unsteady
aerodynamics.The steady aerodynamic moments are computed for
each individual body with a cross product between the steady body
aerodynamic force vector and the distance vector from the center
of gravity to the center of pressure.Magnus moments on each body
are computed in a similar way, with a cross product between the
Magnus force vector and the distance vector from the center of
gravity to the Magnus centerof pressure.Figure 2 shows the relative
locations of the forward, aft, and composite body centers of gravity
and the forward and aft body centers of pressure. The unsteady
bodyaerodynamicmomentsprovidea dampingsource forprojectile
angular motion and are given for the forward body by Eq. (10):

L F
UA

M F
UA

N F
UA

= q̃a D

C F
DD +

PF DC F
LP

2V

q DC F
MQ

2V

r DC F
NR

2V

(10)

Air density is computed using the standard atmosphere.14

Dual-Spin Projectile Linear Theory
The preceding equations of motion are highly nonlinear and not

amenable to a closed-formanalytic solution.Linear theory for sym-
metric rigidprojectilesintroducesa sequenceof assumptions,which
yield a tractableset of lineardifferentialequationsof motion that can
be solved in closed form. These equations form the basis of classic
projectile stability theory. The same set of assumptions can be used
to establish a linear theory for dual spin projectiles in atmospheric
� ight:

1) The variables are changed from a � xed plane, station line ve-
locity u, to total velocity V . Equations (11) and (12) relate V and u
and their derivatives:

V = u2 + v2 + w 2 (11)

ÇV = (u Çu + v Çv + w Çw )/ V (12)

2) The variables are changed from time t to dimensionless ar-
clength s. The dimensionless arc length, as de� ned by Murphy15 is
given in Eq. (13) and has units of calibers of travel:

s =
1
D

¢
t

0

V ¢ ds (13)

Equations (14) and (15) relate time and arc length derivatives of a
dummyvariable f . Dotted terms refer to time derivativesand primed
terms denote arc length derivatives:

Çf = (V / D)f 0 (14)

¨f = (V / D)2( f 0 0 + f 0 V 0 / V ) (15)

3) Euler yaw and pitch angles are small so that

sin( h ) ¼ h cos( h ) ¼ 1

sin( w ) ¼ w cos( w ) ¼ 1

4) Aerodynamic angles of attack are small so that

a ¼ w / V b ¼ v / V (16)

5) The projectileis mass balanced,such that the centersof gravity
of both the forward and the aft bodies lie on the rotational axis of
symmetry:

I A
XY = I F

XY = I A
XZ = I F

XZ = I A
YZ = I F

YZ = 0

I A
ZZ = I A

YY I F
ZZ = I F

YY

6) The projectile is aerodynamicallysymmetric such that

C F
MQ = C F

NR C A
MQ = C A

NR

C F
Y 0 = C A

Y 0 = C F
Z0 = C A

Z 0 = 0 C F
YB1 = C F

ZB1 = C F
NA

C A
YB1 = C A

ZB1 = C A
NA CNA = C F

NA + C A
NA

CM Q = C F
M Q + C A

MQ CX0 = C F
X0 + C A

X0

7) A � at � re trajectory assumption is invoked, and the force of
gravity is neglected.

8) The quantities V , u F , and u A are large compared to h , w , q , r ,
v , and w , such that productsof small quantitiesand their derivatives
are negligible.

Applicationof the precedingassumptionsresults in Eqs. (17–30):

x 0 = D (17)

y 0 = (D / V )v + w D (18)

z 0 = (D / V )w ¡ h D (19)

u 0
F = (D / V )pF (20)

u 0
A = (D / V )pA (21)

h 0 = (D / V )q (22)

w 0 = (D / V )r (23)

V 0 = ¡ [ q S D / 2m](CXO )V (24)

v 0 = ¡ [q SD / 2m] (CN A )v ¡ (D / V ) C F
NPA 2 pF

+ C A
NPA 2 pA w ¡ Dr (25)
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w 0 = ¡ [q SD / 2m] (CNA)w + (D / V ) C F
NPA 2 pF

+ C A
NPA 2 pA v + Dq (26)

p 0
F =

m D2

I F
XX

q SD

2m

V

D
C F

DD +
C F

LP

2
pF

¡
V

D

CRB sign( pF ¡ pA )
m D

m F C A
X0 ¡ m AC F

X0

+ CV
D

V

( pA ¡ pF )

I F
XX

(27)

p 0
A =

m D2

I A
XX

q SD

2m

V

D
C A

DD +
C A

LP

2
pA +

V

D

£
CRB sign( pF ¡ pA )

m D
mF C A

X0 ¡ m AC F
X0

+ CV
D

V

( pF ¡ pA )

I A
XX

(28)

q 0 =
q S D

2m

m D

I T
YY

1
V

(Rm fx + rfx )
C F

NPA

2
pF

+ (Rmax + rax)
C A

NPA

2
pA v +

D

2
(CMQ)q

+
q S D

2m

m D

I T
YY

1
D

(Rfx + rfx )C F
NA

+ (Rax + rax)C
A
NA w ¡

D

V

I F
XX pF + I A

XX pA

I T
YY

r (29)

r 0 =
q SD

2m

m D

I T
YY

1
V

(Rm fx + rfx)
C F

NPA

2
pF

+ (Rmax + rax )
C A

NPA

2
pA w +

D

2
(CMQ)r

¡
q S D

2m

m D

I T
YY

1
D

(Rfx + rfx )C F
NA

+ (Rax + rax)C
A
NA v +

D

V

I F
XX pF + I A

XX pA

I T
YY

q (30)

Equations (17–30) are linear, except for the total velocity V ,
which is retained in several of the equations. Under the assump-
tion that V changes very slowly with respect to the other variables,
it is considered to be constantwhen it appears as a coef� cient. With
this assumption,the total velocity, the angle of attack dynamics, and
the roll dynamics all become uncoupled, linear-time invariantequa-
tions of motion. The Magnus force in Eqs. (25) and (26) is typically
regarded as small in comparison to the other aerodynamic forces
and is shown only for completeness. In further manipulation of the
equations,allMagnus forceswill bedropped.Magnusmomentswill
be retained, however, due to the magnitude ampli� cation resulting

s =

1
2

¢ (E ¡ A) + i F § (E ¡ A)2 ¡ F2 + 4( AE + C ) + 2i F E ¡ A +
2( AF + B)

F

1

2
¢ (E ¡ A) ¡ i F § (E ¡ A)2 ¡ F2 + 4( AE + C ) ¡ 2i F E ¡ A +

2( AF + B)
F

=

k F + i U F

k S + i U S

k F ¡ i U F

k S ¡ i U S

(42)

from the cross product between Magnus force and its respective
moment arm.

Epicyclic Modes of Oscillation
Equations (17–23) state that the � xed plane is mapped directly

onto the inertial reference frame for the given assumptions. Equa-
tions (27) and (28) show that a roller bearing model16,17 requires
knowledge of the zero-yaw drag on the forward and aft body sep-
arately. Also notice that the Magnus moments appear separately in
Eqs. (29) and (30). The equations for total velocity and the fore and
aft spin rates have becomecompletelydecoupledfrom the angle-of-
attack dynamics. It is a useful result to begin by studying Eq. (24),
which representsthe total velocity V of the projectile.Equation (24)
is separable,and it is elementaryto obtain the solutionas downrange
exponentialdecay:

V (s) = V0 exp{ ¡ [( q SD / 2m)CX0]s} (31)

After we extract the decoupled equations for total velocity and
fore and aft spin rates, there are only four equations remaining to
examine.Theseequationsdescribe� xed planeexpressionsfor trans-
lational and rotational velocities v, w , q, and r . The angle-of-attack
dynamics are driven directly by these four equations because the
aerodynamic angles of attack depend on v and w by de� nition. By
the use of Eq. (31) and the de� nition for small anglesof attack given
in Eq. (16), the following two relations can be written:

a (s) = w (s)/ V (s) = [w (s)/ V0] exp{[( q SD/ 2m)CX0]s} (32)

b (s) = v(s)/ V (s) = [v(s)/ V0]exp{[( q SD/ 2m)CX0]s} (33)

The translational and rotation velocities are described in a compact
form as shown in Eq. (34),

v 0

w 0

q 0

r 0

=

¡ A 0 0 ¡ D

0 ¡ A D 0

B / D C / D E ¡ F

¡ C / D B / D F E

v

w

q

r

(34)

where

A = [q SD/ 2m](CNA) (35)

B =
q SD

2m

m D

I T
YY

D

V
(Rm fx + rfx )

C F
NPA

2
pF

+ (Rmax + rax )
C A

NPA

2
pA (36)

C = [q SD/2m] m D I T
YY CMA (37)

E = [ q SD/2m] m D2 I T
YY CMQ 2 (38)

F = (D / V ) I F
XX pF + I A

XX pA I T
YY (39)

CMA = (Rfx + rfx)C
F
NA + (Rax + rax)C

A
NA (40)

I T
YY = I F

YY + m f r
2
fx + I A

YY + mar 2
ax (41)

Eigenvalues of Eq. (34) provide the fast and slow epicyclic modes
of oscillation for v , w , q , and r . The four roots of the characteristic
equation are displayed hereafter:
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Linear combinations of the preceding equations lead to Eq. (43):

(E ¡ A)

i F

¡ AE ¡ C

¡ i (AF + B)

=

k F + k S

i ( U F + U S )
k F k S ¡ U F U S

i ( k F U S + k S U F )

(43)

In line with the rigid-body, six-degree-of-freedomprojectile sta-
bilityanalysis, two additionalsimpli� cationsbasedon size are intro-
duced. First, neglect the product of the dampingfactorscomparedto
the product of the damped natural frequencies. Second, neglect the
product of A and E because multiples of the relative density factor
are small compared with the magnitudes of other terms. A solution
may now be obtained for both the fast and the slow damping factors
and turning rates for the translational and rotational velocities:

k F =
¡ ( A ¡ E )

2
1 +

F
p

F2 ¡ 4C
1 ¡

(2AF + 2B)
F( A ¡ E )

(44)

U F =
1

2
F + F 2 ¡ 4C (45)

k S =
¡ ( A ¡ E )

2
1 ¡

F
p

F2 ¡ 4C
1 ¡

(2AF + 2B)
F( A ¡ E )

(46)

U S =
1
2

F ¡ F2 ¡ 4C (47)

Beforewe drawconclusionsabout the stabilityof theangle-of-attack
dynamics, the damping factors and the damped natural frequencies
have to be calculated for a and b rather than v and w . These new
damping factors will account for v , w , and V all decaying down-
range. Whether a and b are stable depends on which quantities
decay fastest.

Two new damping factors are introduced based on Eqs. (32) and
(33):

k ¤
F =

¡ [A ¡ 2( q SD/ 2m)CX0 ¡ E]
2

1 +
F

p
F 2 ¡ 4C

£ 1 ¡
[2AF + 2( q SD/ 2m)CX0 F + 2B]

F[A ¡ 2( q SD / 2m)CX0 ¡ E]
(48)

k ¤
S =

¡ [A ¡ 2( q SD / 2m)CX0 ¡ E]
2

1 ¡
F

p
F2 ¡ 4C

£ 1 ¡
[2AF + 2( q SD/ 2m)CX0 F + 2B]

F[A ¡ 2( q SD/ 2m)CX0 ¡ E]
(49)

The fast and slow turning rates represent the imaginary parts of the
complex eigenvalues. These will remain unchanged for a and b
because division by V (s) in Eqs. (32) and (33) only effects the real
parts of the eigenvalues. If either u F or u S is complex, there will be
a positive real part in one of the four eigenvalues.To avoid complex
turning rates, the term under the radical in Eqs. (45) and (47) must
be greater than zero, which introduces the idea of the gyroscopic
stability factor SG :

SG ´ (F 2 / 4 ¢ C ) > 1 (50)

Furthermore, the dynamic stability factor is de� ned by Eq. (50):

SD =
[2AF + 2( q SD/ 2m)CX0 F + 2B]

F[A ¡ 2( q SD/ 2m)CX0 ¡ E]
(51)

The fast mode damping factor k ¤
F must be negative for stable � ight.

To ensure stability, the following two conditions must be satis� ed:

[A ¡ 2( q SD/ 2m )CX0 ¡ E] > 0 (52)

1/ SG < SD(2 ¡ SD ) (53)

The resultsshownin Eqs. (50–53) arevery similar to conventional
rigid-body projectile analysis. Hence, dual-spin projectile stability

analysis can be approached in essentially the same manner that
rigid projectiles are analyzed. Differences in stability characteris-
tics arise from the coef� cients F and B. The coef� cient F contains
terms with forward and aft body roll rate and roll inertia appear-
ing separately. Magnus moments also appear separated in the co-
ef� cient B , due to their dependence on the forward and aft roll
rates.

Dual-Spin Projectile Stability
The gyroscopicand dynamic stability factors can be reexpressed

as shown in Eqs. (54) and (55):

SG =
I T
XX p̃

2

2I T
YY M

(54)

SD =
2(CNA ¡ CX0 ) + GT p ¤

(CNA ¡ 2CX0 ) ¡ m D2 I T
YY (CMQ)/2

(55)

where

p̃ =
( pF + c DS pA )

(1 + c DS)
(56)

c DS = I A
XX I F

XX (57)

I T
XX = I F

XX + I A
XX = I F

XX(1 + c DS) (58)

M = q SV 2CMA (59)

p ¤ =
( pF + l DS pA )

(1 + l DS)
(60)

l DS =
(Rmax + rax )C A

NPA

(Rm fx + rfx )C F
NPA

(61)

GT = m D I T
yy (D / V ) (Rm fx + rfx )C F

NPA (1 + l DS) (62)

The inertia weighted average spin rate for the composite body
p̃ is biased to the spin rate of the body with the largest roll in-
ertia component. The Magnus weighted average spin rate p ¤ be-
haves in precisely the same manner as p̃; however, it is biased
toward the body with the largest Magnus moment. A plot of p̃
vs roll inertia ratio c DS and p ¤ vs Magnus ratio l DS is shown in
Fig. 3. When c DS = 0, p̃ is equal to pF , whereas as c DS ! 1 , p̃
approaches pA . Similar relations hold between l DS and p ¤ . Gyro-
scopic stability factor vs inertia weighted average spin rate is plot-
ted in Fig. 4 for various values of composite inertia and external
moments.

Fig. 3 Inertia weighted average spin rate vs roll inertia ratio.
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Fig. 4 Gyroscopic stability factor SG vs inertia weighted average spin
rate.

It is interesting to expand Eq. (55) and examine the results. The
dynamic stability factor can be broken into two parts. The � rst part,
shown in Eq. (64), represents a stability factor offset that is inde-
pendent of whether the system is a rigid or dual-spin projectile.
Equation (65) shows the second part, which does vary with respect
to the rigid-projectile case depending on the Magnus moment co-
ef� cients and spin rates. This portion of the total stability factor
is directly proportional to the total Magnus moment acting about
the composite center of mass and can be considered as a dynamic
stability enhancement factor:

SD = H + D DS (63)

where

H =
2(CNA ¡ CX0 )

(CNA ¡ 2CX0 ) ¡ m D2 I T
Y Y (CMQ)/2

(64)

D DS =
GT p ¤

(CNA ¡ 2CX0 ) ¡ m D2 I T
YY (CMQ)/2

(65)

It is also informative to compare the dual-spin projectile stability
factors to the conventionalrigid-projectileresults.To do this, de� ne
p̄ and D p as the average spin rate and the spin rate difference,
respectively.Thus,

pF = p̄ + D p pA = p̄ ¡ D p

The spin rate of an equivalent rigid projectile is p̄. The ratio of
the dual-spin gyroscopic stability factor to the rigid-projectile gy-
roscopic stability factor is shown as Eq. (66). Equation (67) shows
the ratio of dynamicstabilityenhancementfactorsbetween the dual-
spin case and the rigid-projectilecase. These two relationsare again
of very similar form:

SGDS SG = ((1 + [(1 ¡ c DS)/ (1 + c DS)]( D p / p̄)))2 (66)

D DS / D = ((1 + [(1 ¡ l DS)/ (1 + l DS)]( D p / p̄))) (67)

Figures 5 and 6 represent Eq. (66) as a function of the roll inertia
ratio and the differential spin ratio. When the gyroscopic stability
factor ratio is greater than one, dual-spin gyroscopic stability is
enhanced compared to the rigid projectile with a roll rate of p̄. It
can be shown that the differential spin ratio is positive when the
forward body is spinning faster than the aft and negative when the
reverse is true. The curves can also be grouped by the roll inertia
ratio. When c DS is less than one, the forward body has more roll
inertia. The aft inertia is larger when c DS is greater than one. Based
on the values of the differential spin ratio and roll inertia ratio,
Figs. 5 and 6 can viewed in separate quadrants. When both ratios
favor one of the bodies, gyroscopic stability is enhanced. When

Fig. 5 Gyroscopic stability factor ratio vs °DS.

Fig. 6 Gyroscopic stability factor ratio vs differential spin ratio.

Fig. 7 Delta ratio vs Magnus ratio.

the ratios favor opposite bodies, the stability factor is diminished.
Note that the gyroscopic stability ratio can never become negative
because the values compared are squared.Also note that in physical
systems, the differential spin ratio must be zero when c DS goes to
zero or in� nity.

Figures7 and8 representEq. (66) as a functionof theMagnusratio
and the differential spin ratio. When the magnitude of the dynamic
enhancementratio is greaterthanone,both the totalMagnusmoment
and the dynamic stability enhancement factor are larger than the
rigid-projectilecase.This can resultfromseveralphysicalsituations,
which are represented by again considering the graphs in sections.
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Fig. 8 Delta ratio vs differential spin ratio.

When the Magnus ratio is between negativeand positiveone, the
Magnus moment coef� cient is larger for the forward body than for
the aft. When the Magnus ratio is outside of these boundaries, the
aft body has a larger Magnus coef� cient. Negative Magnus ratios
indicate that the aft Magnus center of pressure is rearward of the
composite body mass center. Positive values of the differential spin
ratio again indicate that the forward body is spinning faster than the
aft. With this in mind, Figs. 7 and 8 can be viewed where both ratios
favor one body, or where they favor opposite bodies. For the � rst
case, the total Magnus moment applied to the dual-spin projectile is
larger than that of the rigid case. The opposite is true for the when
the ratios favor opposite bodies.

Some special values of Magnus ratio must also be considered.
A Magnus ratio equal to one indicates the Magnus coef� cients are
equivalent or physically that the centers of pressure and force coef-
� cients are equivalent. In this situation, the dual-spin case will have
the same Magnus moment as the rigid case because p ¤ and p̄ do
not differ. When Magnus ratio is equal to negative one, the Magnus
coef� cients are equal and opposite. For the rigid case where the
bodies spin together, the Magnus moment will go to zero and drive
the enhancement ratio to in� nity.

Dual-spin projectile stability results must match the standard
rigid-projectilestability results in two situations.Either of the bod-
ies may be neglectedby setting their mass and inertia propertiesand
force coef� cients to zero. In this case, the inertia properties of the
total body reduce to those of the remaining body and the roll inertia
ratio becomes either 0 or 1 dependingon which body remains. By
the use of the same logic, p̄ becomes either pF or pA . Also, the
moments considered, including Magnus, are only those applied to
the remainingbody.With these assumptions, the rigid body stability
results are obtained.

The second case to consider is when the forward and aft bodies
spin together. For this case, both the inertia weighted average spin
rate and the Magnus weighted averagespin rate are equal to both the
front and rear spin rates because the projectile bodies are spinning
together. This result is true regardless of the roll inertia ratio. The
inertia propertiesare for the total body, as are the applied moments.
Again, the rigid-body stability results are obtained.

Conclusions
The equationsof motion for a dual-spin projectile in atmospheric

� ight have been developed. The model allows for unbalanced for-
ward and aft components. The bearing that connects the forward
and aft components is a combination hydrodynamic and roller
bearing.

After appropriatesimpli� cations are made to the initial nonlinear
equations, it is shown that the roller bearing requires knowledge
of the axial force on each projectile body in the determination of
the roll dynamics. This will require range reduction algorithms to
be modi� ed to estimate the axial force on both components from
roll angle and roll data. The hydrodynamic bearing does not have

this complication because the reaction moment on a hydrodynamic
bearing is a function of the roll rate differenceonly.

It is possible to analyze the stability of a dual-spin projectile us-
ing a methodologysimilar to rigid-bodyprojectile stability analysis.
However, the gyroscopic stability factor SG must be modi� ed com-
pared to the stability factor for a rigid projectile. It depends on the
spin rates of both bodies as well as their individual roll inertias.
By de� ning the inertia weighted average spin rate for a dual-spin
projectile, the same form of the gyroscopic stability factor for a
rigid projectile is obtained. When either the fore or aft body is re-
moved, or both bodies spin together, the stability results reduce to
the standard rigid-projectilestability results. The dynamic stability
factor SD is also different from conventionalrigid-projectileresults.
It depends on a Magnus weighted average spin rate. The dynamic
stability enhancement ratio depends on the differential spin ratio
and the Magnus moment coef� cient ratio.

Appendix: Rotation Dynamic Equations
The rotation kinetic differentialequationsare derivedby splitting

the two-body system at the bearing connection point. A constraint
force FC and a constraint moment MC couple the forward and aft
bodies. The translational dynamic equations for both bodies are
given by Eqs. (A1) and (A2):

m AaA / I = FA + FC (A1)

m F aF / I = FF ¡ FC (A2)

Key to the developmentof the rotationkinetic differentialequations
is the ability to solve for the constraint forces and moments as a
functionof state variablesand time derivativesof state variables.An
expression for the constraint force can be obtained by subtracting
Eq. (A2) from Eq. (A1):

(m / m F m A)FC = FF / m F ¡ FA / m A + aA / I ¡ aF / I (A3)

With the constraint force known, the rotational dynamic equations
for the forwardand aft bodiescan bedeveloped.The constraintforce
contributesto the appliedmoments froma crossproductbetween the
constraint force vector and the position vectors from the individual
centers of gravity to the bearing. An additional constraint moment
couples the forward and aft bodies due to viscous or rolling friction
in the bearing:

d

dt
HA / I = MA + MV + ½A £ FC (A4)

d

dt
HF / I = MF ¡ MV + ½F £ FC (A5)

where

½A = rA ¡ r̄ (A6)

½F = rF ¡ r̄ (A7)

The acceleration of the mass center of the forward and aft bodies,
aF / I and aA / I , can be expressed in terms of the acceleration of the
composite body mass center. After we make this substitution, the
constraint force components in the � xed plane reference frame can
be expressed in the following manner:

FCX

FCY

FCZ

= [FF ]
ÇpF

Çq

Çr

+ [FA]
ÇpA

Çq

Çr

+ {F0} (A8)

The constraint moment components in the � xed plane reference
frame acting on the forward body about the forward body mass
center and resulting from the constraint force cross product can be
written in the following manner:

MFCFX

MFCFY

MFCFZ

= [MFF]
ÇpF

Çq

Çr

+ [MFA]
ÇpA

Çq

Çr

+ {MF0} (A9)
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In a similar way, the components in the � xed plane reference frame
of the moment of the constraint force acting on the aft body about
the aft body mass center can be written as shown in Eq. (A10):

MFC AX

MFC AY

MFCAZ

= [MAF]
ÇpF

Çq

Çr

+ [MAA]
ÇpA

Çq

Çr

+ {MA0} (A10)

The rotation kinetic differential equations are both expressed
in the � xed-plane reference frame. The equations are left general
and allow for a fully populated inertia matrix and mass unbalance.
Equations (A8–A10) are substitutedinto both sets of rotationkinetic
equations for the forward and aft bodies. At this point, both sets of
equationsstill haveunknownconstraintmomentsat the bearingcon-
nection point. To eliminate the bearing constraint moments in the
� xed plane jn and kn directions, the jn and kn components of the
rotation kinetic equations for the forward and aft bodies are added
together to form two dynamic equations that are free of constraint
moments. In this way, the constraint moments at the bearing have
been eliminated analytically from the pitching and yaw dynamics.

To � nish expressing the roll dynamic equations, however, an ex-
pression for the unknown constraint moment must be formed. The
moment transmitted across the bearing is modeled as a combina-
tion hydrodynamic and roller bearing. The contribution from the
hydrodynamic bearing can be modeled as viscous damping,16 and
the constitutive relation governing the constraint moment is given
by Eq. (A11):

M H
V = cV ( pF ¡ pA ) (A11)

The frictional moment at a roller bearing is proportional to the nor-
mal force acting on the bearing. Normal force at the bearing of
a split-bodied projectile is directly related the axial aerodynamic
coef� cients of the forward and aft bodies. The contribution to the
constraintmoment from a roller bearing17 is given by Eq. (A12). To
remove the effects of either bearing from the model, set the respec-
tive coef� cient to zero:

M R
V = CRB j FCX j sign( pF ¡ pA ) (A12)

Once the � nal constraint moment is known, the � xed plane in
components of Eqs. (A4) and (A5) are the forward and aft body roll
dynamic equations.These two individual equations, in conjunction
with the � xed plane jn and kn equations, which result from a sum
of Eqs. (A4) and (A5), can be assembled to represent the entire set
of rotational dynamics. Equation (4) is restated to demonstrate this
point:

I1,1 I1,2 I1,3 I1,4

I2,1 I2,2 I2,3 I2,4

I3,1 I3,2 I3,3 I3,4

I4,1 I4,2 I4,3 I4,4

ÇpF

ÇpA

Çq

Çr

=

gF1 ¡ MV

gA1 + MV

M2 ¡ S ¤
2

M3 ¡ S ¤
3

The effective inertia matrix is a 4 £ 4 matrix that is a combination
of the inertia matrices of both the forward and aft bodies. As an aid
in developing a formula for the effective inertia matrix, de� ne the
following intermediate matrices:

I ¤
A = ĪA ¡ ĨA (A13)

ĪA = T T
A IA TA (A14)

ĨA = m A SRA SRA (A15)

I ¤
F = ĪF ¡ ĨF (A16)

ĪF = T T
F IF TF (A17)

ĨF = m F SRF SRF (A18)

where

TF =

1 0 0

0 c u F s u F

0 ¡ su F s u F

(A19)

TA =

1 0 0

0 c u A su A

0 ¡ s u A su A

(A20)

SRF =

0 ¡ rfz r f y

rfz 0 ¡ rfx

¡ rfy rfx 0

(A21)

SRA =

0 ¡ raz ray

raz 0 ¡ rax

¡ ray rax 0

(A22)

By the use of Eqs. (A13), (A16), (A11), and (A12), elements of the
effective inertia matrix can now be formed:

I1,1 = I ¤
F1,1

+ MFF1,1 (A23)

I1,2 = MFA1,1 (A24)

I1,3 = I ¤
F1,2

+ MFF1,2 + MFA1,2 (A25)

I1,4 = I ¤
F1,3

+ MFF1,3 + MFA1,3 (A26)

I2,1 = MAF1,1 (A27)

I2,2 = I ¤
A1,1

¡ MAA1,1 (A28)

I2,3 = I ¤
A1,2

¡ MAA1,2 ¡ MAF1,2
(A29)

I2,4 = I ¤
A1,3

¡ MAA1,3 ¡ MAF1,3
(A30)

I3,1 = I ¤
F2,1

(A31)

I3,2 = I ¤
A2,1

(A32)

I3,3 = I ¤
F2,2

+ I ¤
A2,2

(A33)

I3,4 = I ¤
F2,3

+ I ¤
A2,3

(A34)

I4,1 = I ¤
F3,1

(A35)

I4,2 = I ¤
A3,1

(A36)

I4,3 = I ¤
F3,2

+ I ¤
A3,2

(A37)

I4,4 = I ¤
F3,3

+ I ¤
A3,3

(A38)

Two scalar elements of the right-hand-side vector of Eq. (4) are
given by Eqs. (A39) and (A40):

gF1 = [1 0 0] MF ¡ S ¤
F ¡ MF0 (A39)

gA1 = [1 0 0] MA ¡ S ¤
A ¡ MA0 (A40)

The vectors S ¤
A and S ¤

F in Eqs. (A39) and (A40) are given by
Eqs. (A41) and (A44):

S¤
A = S̄A ¡ S̃A (A41)

S̄A = T T
A IA ÇTA + T T

A SA IA TA

pa

q

r

(A42)

S̃A = ĨAT T
A

ÇTA + m A SRA SA SRA

pa

q

r

(A43)

S ¤
F = S̄F ¡ S̃F (A44)

S̄F = T T
F IF

ÇTF + T T
F SF IF TF

p f

q

r

(A45)
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S̃F = ĨF T T
F

ÇTF + m F SRF SF SRF

p f

q

r

(A46)

where

SF =

0 s u F q ¡ c u F r c u F q + s u F r

c u F r ¡ su F q 0 ¡ pF

¡ c u F q ¡ s u F r pF 0

SA =

0 s u A q ¡ cu Ar cu A q + s u A r

c u A r ¡ s u A q 0 ¡ pA

¡ c u A q ¡ s u A r pA 0

ÇTF =
0 0 0

0 ¡ ( pF + th r )s u F ( pF + t h r )cu F

0 ¡ ( pF + th r )c u F ¡ ( pF + th r )s u F

ÇTA =

0 0 0

0 ¡ ( pA + t h r )su A ( pA + th r )c u A

0 ¡ ( pA + t h r )cu A ¡ ( pA + t h r )cu A

Other unknown terms on the right-hand side of Eq. (4) include
components of the vectors M and S ¤ . These vectors are described
here:

S ¤ = S ¤
F + S ¤

A =

S ¤
1

S ¤
2

S ¤
3

(A47)

M = MF + MA =

M1

M2

M3

(A48)
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